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DYNAMIC PROBLEMS FOR ELASTIC-PLASTIC SOLIDS
WITH DELAYED YIELDING

Yu, N. RABOTNOV and J. V. SUVOROVA

Mechanical Engineering Research Institute, Moscow

Abstract·-A simplified model ofan elastic-plastic body with delayed yielding is discussed. The strain rate influence
on the post yielding plastic resistance is neglected, the plastic deformation being assumed to follow the static
stress-strain curve.

The model has been used for solving two kinds of problems: propagation of longitudinal elastic-plastic
waves in bars and rigid-plastic analysis of beams and plates.

When a stress larger than the yield stress value is acting on the end of a bar, an elastic overstress wave spreads.
In bars of finite length the reflected overstress wave strongly affects the distribution of the residual plastic strains.

In rigid-plastic analysis the rigid parts of a body are considered to be elastic with elastic moduli tending to
infinity. The successive formation of plastic hinges in a free beam subjected to an instantaneously applied con
centrated load has been studied. A simply supported circular plate under the action of a uniform loading has been
considered. The propagation of the plastic zone is governed by the stress distribution in the rigid part of the
plate; at a certain moment the yield delay capacity becomes exhausted and the further analysis only slightly
differs from the traditional one.

1. INTRODUCTION

To SOLVE dynamic problems of plasticity we need some assumptions about the form of
the constitutive equations describing the behaviour of the material at high strain rates.
The simplest hypothesis is to admit the existence of the so called dynamic stress-strain
curve, the shape of which does not depend on the strain rate. This assumption has been
used in the theory of propagation of elastic-plastic waves and in the rigid-plastic analysis
of beams and plates. The experimental proof of the theories of this kind has shown that
the strain rate effects playa much more important role than it was supposed initially.

The modern tendency in the study of the dynamic problems of plasticity is to start
from the following constitutive equation

(J = !(e, 6), (1)

i.e. it is to assume that the instantaneous value of the stress depends on the instantaneous
values of the strain and strain rate.

The experimental verifications of the basic hypothesis (1) gives rather uncertain
results, but one can assume that this equation is valid as a first approximation for metals
having no peak on the stress-strain curve.

On the other hand the behaviour of mild steel with a low carbon content under dynamic
loading is peculiar. The loaded specimen can sustain an overstress much higher than the
static yield stress during a short period of time. This phenomenon has been called the
yield delay, it was thoroughly studied by a number of investigators during the past decade.

The basic fact resulting from the experimental data and physical theories is that the
delayed yielding cannot be considered as a strain-rate effect, the beginning of plastic
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flow being determined not by the instantaneous value of the strain rate, but by the loading
history in the elastic range.

If the stress a is given as a function of time t, yielding begins at the moment I =

the value of r being determined from the following equation [1, 21 :r<p(a) dr = To (21

Different experimental methods have been used for the determination of the non
dimensional function <p(a) and of the value of the parameter r o. Most investigators measured
the delay time in compression at a = const. In the experiments ofVoloshenko-Klimovitsky
and Beliaev [3, 4J the stress rate and therefore the strain rate in the elastic range remained
constant and the experimental results could be interpreted as the strain rate dependence
of the upper yield point. This form of presentation, though inadequate in principle, permits
to compare the influence of the strain rate on the yield stress and the post-yielding be
haviour, which might be useful for estimating the validity of some assumptions as will
be shown later.

The experiments have shown that the equation (2) remains valid for different loading
conditions, the function <p(a) determined in different ways, at (J = const., if = const. and
a = ao sin wt is the same. But the usual experimental technique does not permit to prove
the validity of (2) in more complicated cases. Fer example we know almost nothing about
the yield delay under repeated loading when the sign of a is reversed. Most experiments
have been done in compression, the tensile data are very scarce and practically cannot be
compared with the compressive data. No experiments have been carried out in combined
stress conditions.

Therefore, we have to make some a priori assumptions suggested by physical con·
siderations. The delayed yielding in mild steels is usually explained by the formation of an
atmosphere of solute atoms pinning the dislocations. Thermal activation leads to step
by step loosening of dislocation loops in the slip plane in the direction of the shearing
stress acting on this plane. The left hand term of equation (2) can be interpreted as the
relative number of these loops; when this number reaches a certain critical value the
dislocation becomes free to move in its slip plane. The formation ofloops in one direction
does not facilitate the movement of dislocations in the opposite sense when the external
load is reversed. Having no direct experimental evidence we shall admit that the equation
(2) remains valid only when the sign of stress is not changed. If for example the tensile
stress had been applied first and was acting during a period of time not sufficient to start
yielding, the subsequent application of the compressive stress leads to yielding in accord
ance with equation (2), in which the moment of the stress reversal is taken as zero time.

In complex stress conditions it seems to be natural to suppose that the value of
in (2) must be replaced by the equivalent stress, for example maximum shear stress or stress
intensity. This assumption is justified by the fact that the mechanism of delayed yielding
is the same as the mechanism of the ordinary plastic flow. Strictly speaking this is true
only for proportional loading in the elastic range.

2. THE MODEL OF THE ELASTIC·PLASTIC BODY WITH DELAYED YIELDING

A simplified model of the plastic body with yield delay was discussed in [5]. Let us
consider a dynamic stress-strain diagram as shown in Fig. 1. The existing experimental
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FIG. 1. Stress-strain diagram with yield delay.

145

technique does not permit to obtain at high rates of loading the constant strain rate or
constant stress rate conditions exactly, but in any case the stress-time dependence and
the strain-time dependence can be registered simultaneously. In the first stage the be
haviour is elastic (or is supposed to be) until the point A on the diagram is reached. The
position of this point is determined by the condition (2). It should be emphasized that the
state of the material corresponding to the point A is unstable. Supposing that the load is
removed at the time r- dr we shall have the elastic unloading along the straight line OA.
The yield delay capacity being exhausted, the specimen would yield in the subsequent
loading at the static yield stress (point C on the diagram). If yielding at point A occurs,
the stress and strain change suddenly from the point A to a certain point B on the stress
strain diagram, corresponding to the actual strain-rate according to equation (1). The
location of point B is determined by the loading program, and the dynamic properties
of the system. One can not point out any definite path from A to B on the diagram, the
values of a A, cA and aB, CB satisfy only the dynamic compatibility conditions. The situation
is similar to that in gas dynamics, when the discontinuities at the shock wave front are
considered.

In dynamic experiments one obtains usually a smooth dropping part of the stress
strain curve (see for example [6, 7J), but we believe that the shape of this part is determined
by the conditions ofthe experiment and not the properties of the material.

The upper yield point aA being determined by the stress history in the elastic range,
the lower yield point depends on the strain rate. The notion of the lower yield point seems
to be rather uncertain. In fact, when yielding begins the strain distribution along the
specimen is highly non-uniform. Plastic deformation propagates gradually and the actual
local strain rate might be much higher than the average strain rate measured on the gage
length.

The typical experimental stress-time and strain-time oscillograms (Ref. [4J) are shown
in Fig. 2. The strain rate in the elastic range is approximately constant and equal to
2.7.103 sec, in the plastic range the strain rate reaches the value of 4.98.103 sec and re
mains nearly constant. To compare the relative influence of the strain rate on the upper
stress value and on the plastic resistance after yielding, the curves representing the depen
dence of the upper and lower yield stresses on the strain rate are plotted in Fig. 3. It can
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FIG. 2. Typical force--time and strain-time oscillogram (steel 0-46 C 0·65 Mn).

be seen that dependence of the upper yield stress on the strain rate is much more pronounced
than of the lower yield stress. The strain rate dependence of the lower yield stress is similar
to that for alloys having no sharp yield point, as it is illustrated by the dotted line corres
ponding to an austenitic steel (0·2 per cent plastic strain).

The solution of dynamic problems of plasticity, taking into account the yield delay
and the strain rate dependence of the plastic stress-strain curve, is difficult. Some examples

le I

X 2
3

2

x

• 20:

~
' '§~;:
~

X-_--xx xx
: __ --- 3

-e --ex 
~ .-/'--------I L..__...l- ..LI .LI---,-I__---"_

10" 10 102 103 104

FIG. 3. Strain rate dependence of the upper and lower yield stresses (steel 0·18 C, 0·52 Mn). 1- -upper
yield stress, 2--lower yield stress, 3-austenitic steel (fO,2'
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(c = const.).

(4)

are given in [7]. To simplify the model we shall neglect the strain rate influence on the
shape of the plastic stress-strain curve. Therefore we shall admit that after yielding this
dependence will be given by the static stress-strain diagram. The dynamic stress-strain
curve is always higher than the static one; the analysis based on the above stated assump
tion leads to an overestimate of the resulting plastic strain. To make it more accurate we
can use instead of the static stress-strain diagram the dynamic diagram corresponding to
the average plastic strain rate, which might be expected. Using the trial and error procedure
one can find out the range of strain rates with more precision. To solve wave propagation
problems the actual shape of the stress-strain curve must be known. In the rigid-plastic
analysis we shall neglect the strain hardening as it is usually admitted.

Now we have to choose an appropriate analytical expression for the function qJ(o-)
entering equation (2). Campbell [8] and Yokobori [9] have suggested the following formula:

qJ(a) = (:*r (3)

where
c

rx=-
T

When the value of a* is fixed, 'to and c are the characteristic constants of the material.
The values of ex found from the experiments are very high (from rx ~ 9 to rx ~ 16 at

room temperature), and the temperature dependence of rx is not confirmed by experiments.
From the point of view of practical applications in design problems, the following

formula is much more convenient

qJ = (a:sast
Here as is the static yield point determined at any reasonably low strain rate when the
peak on the stress-strain curve practically disappears, and therefore we make no difference
between the upper and lower yield stresses.

In Fig. 4 the experimental points by Clark and Wood [11] and the curves corresponding
to the approximations (3) and (4) are plotted. The values of parameters of equations (3)
and (4) are given in Table 1 below.

3. PLASTIC WAVES PROPAGATION

3.1 Semi-infinite bar

We consider first the propagation of elastic-plastic waves in an infinite bar x E (0, 00)

of uniform cross-section. The assumed dynamic stress-strain diagram has been shown

TABLE 1

(1* (1, '9
ex (kg/mm2

) n (kg/mm2
) (sec) Re[

0·17 C; 0·39 Mn 15·9 52·0 4·17 28·8 5.1310- 5 [l1J
0·01 C; 0·99 Mn 11·5 40·0 5·80 18·3 5.5010- 4 [12J
O·09C; 0·45 Mn 9·3 29·6 2·34 18·3 3.5510- 3 [13J
0·19C; 0·54 Mn 17·1 49·4 2·15 33·5 6.6110- 5 [14J
0·49C; 0·65 Mn 13·9 23·6 1·40 35 3.8010- 3 [4J
0·18C; 0·52Mn 11·7 20·5 2·55 33 4.5710- 4 [4)
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FIG. 4. Dependence of delay time for yielding upon stress. Experimental points from data of Wood and
Clark [II]. Curve 1 is calculated by equation (4), curve 2 by equation (3)

in Fig.!. The term "dynamic" is used here in the same sense as in the well known Taylor
Rachmatulin elastic~plastic waves propagation theory neglecting the strain-rate effects.
We shall suppose that at the end x = 0 the velocity Vo (case a). or the stress (Jo (case b)
are given as known functions of time.

According to the assumptions made above the strain on the end x = 0 will remam
elastic during a certain period of time r depending on (Jo. This elastic strain will propagate
along the bar with the elastic wave velocity Go. In any section the stress history will be
the same as in the end section, and in any section x yielding begins at t = r +X/Go, The
elastic wave carrying the overstress (Jo has a rear front which propagates with the elastic
velocity Go and therefore the unloading behind this front can be only elastic, The stress
drops to the value of the static yield stress, and remains constant until the shock wave
reaches the cross-section x, as it is shown in Fig. 5 in the x-t plane.

Assuming v to be positive when directed along the positive x-axis, (J and i: positive
when compressive, we have:

Region 1. Elastic overstress wave:

l' = Vo
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FIG. 5. Stress waves propagation in the infinite bar.

Region II. Plastic yield stress wave

(J = (JS' v = Vs = aOGs'

Region III. Behind the shock wave ab, propagating with the velocity at. In this region:

and

((J - (Js)(G - Gs) = p(v - vs)2, (5)

(6)

In the case a, v = Vo, and the condition (5) permits to find the point (J, G on the stress
strain curve. In the case b, (J = (J0, the value of G will be found on the stress-strain diagram
and the velocity v is determined from (5).

3.2 Bar offinite length

We consider a bar of finite length I, x E (0, I). The end x = I remains free, and a large
mass moving with a constant velocity strikes the end x = °at t = 0. The picture of the
waves propagating in the x-t plane is given in Fig. 6. The vertical line separating regions 6
and 7, 10 and 11 is a stationary front of the strain discontinuity [15]. The velocity of the
shock wave will be found in the same way as for an infinite bar. It will be shown that the
velocity V6 in region 6 is larger than Vo and therefore at t > 21/ao the left end of the bar
becomes free. The depth of the penetration of the plastic zone Xo is given by the expression:

(
21 ) aOal

Xo = ao -r aO+al' (7)

Here we shall restrict ourselves to the case r < 21/ao ; the case r > 21/ao does not present
any difficulties and can be treated in a similar way. The values of stresses, strains and
velocities for different regions shown in Fig. 6 are given in Table 2.
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This solution is valid when Vo < 2aoEs and layl < as, laul < as· When 2ao!:s < Vo <
{3ao+ad/{ao+adaoEs, la91 < as, but lal2l > as and therefore the structure of region 12
must be altered. We shall denote as X s the coordinate of the point S of intersection of the

f

x

FIG. 6. Stress waves propagation in a bar of finite length. Do < 2ao,:,·
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elastic wave going from the point (0, r) and the reflected wave starting at the point (0,0).
At x < X s the overstress bearing capacity is still exhausted, while at x > X s it is not yet.
The point B on the diagram is the point of intersection of the dotted line x = X s and one
of the characteristics bordering region 12 from below. We must consider two different
cases:

When r < llao, the point B lies on the positive characteristic (Fig. 7). Above the seg
ment AB of this characteristic and above the negative characteristic going through the
point A the material can not hold an overstress higher than (1s. Therefore in regions 13
and 15 the stress (1 equals to (1s' 8 = 8 s but the velocities are different

f

x

FIG. 7. Stress waves propagation in a bar of finite length,

3ao+aj
2aoo3 < Vo < --aoo" 1: < [lao.

ao+a j

Region 14 is bounded by two shock waves spreading from the point A in both directions
with equal velocities az . We have in this region:

Vo ao
814 = 8s +---8s2az az

(114 = aop(ao-az)es+azpvo.
(8)

(9)

Excluding az from the last two equations (8) we obtain a relation between (114 and 814,

the values of them could be found using the stress-strain diagram.
When r > [lao the point B is on the negative characteristic (Fig. 8). Along the segment

of the positive characteristic Be we have the elastic unloading from (112 to (113' The
velocity a3 of the shock wave spreading from point B in the positive direction is determined
by the yield delay condition (2):

(
(11 )n ((112 )n ((113)n ((11)n(1s-1 t1+---;;;-1 t 12 +---;;;-1 t 13 = (1s-1 r.
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FIG. 8. Stress wayes propagation in a bar of finite length.
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"0+"' S

In equation (9) tk is the time during which the stress ak acts in the section x. Substituting
the value of tk, we find the velocity a3 :

dx aO(al3 -as)"a = .-- = - - ..-------..---.
3 dt 2(al-as )n+(a13- as)"2(aI2- a.)n·

(10)

On the left side from point B the situation is similar to that of the previous case, in the
region 15 we have:

The shock wave BE corresponds to the same point on the stress-strain diagram as the
shock wave BD, but has a different velocity a4 defined only by the conditions on the wave
front. We have:

0'14 +a3PV14 = a 13 ( 1-::) +2aOa3PCs

V14 +a3t;14 = 2aoes-~(I- a
3

)
aop al

0'14 - a4pu 14 = - 2a4PVo - aope/ao +a4)

L'14-a4cI4 = 2uo+e,,(aO+a4)'

(l J)

e k being a function of ak given by the stress-strain curve. The five unknown quantities:
0"13,0'14' V14, a3, a4 can be found from equations (10) and (11).
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In both cases the construction can be continued to determine the boundaries of regions
13-15 and therefore the configuration of the secondary plastic zone arising inside the
bar. When Vo > (3aO+al)/(aO+al)aOe.. lagl > as and the secondary plastic waves appear
in region (9). The analysis of this case is similar.

4. DYNAMIC RIGID-PLASTIC ANALYSIS

4.1 Yield condition ofa hyperstatic structure

In contrast with the traditional approach we shall consider here the rigid parts of a
body as elastic and having very high values of the elastic moduli. The static stress distri
bution does not depend on the value of the elastic modulus, therefore the elastic solution
for stresses remains valid when the modulus tends to infinity. Now we shall prove the
following theorem:

The stress distribution in dynamic problems of bending of beams and plates tends to
the stress distribution in the corresponding quasi-static problem, when the elastic modulus
tends to infinity. We shall restrict ourselves here with a case of a beam, the case of a plate
can be considered in similar way.

The differential equation of the dynamic bending of a beam will be;

04W 02w
B~+pF~ = q(x, t).

uX lit
(12)

Here B is the bending rigidity, F-the cross-sectional area, p-density. The loading function
q(x, t) is supposed to satisfy the following restrictive conditions;

q(x, 0) = 0, I~~I < a, /
02q /ot2 < b, (13)

a and b being any positive quantities.
Let UK and Ax be the normalized eigenfunctions and eigenvalues of a corresponding

boundary value problem for the differential equation:

The solution of the quasi-static problem neglecting the inertia term in (12) will be

M o = Bwo= Iq~~~
K

(14)

qx(t) = fux(x)q(x, t) dx.

Now we find the solution of the dynamic equation.

w = I TKuK-

Assuming the zero initial conditions for deflections and deflection velocities:

w(x,O) = w(x, 0) = 0,
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B -4
'-I'K-
pF

(15)

It is easy to prove that the functions qA satisfy the same restrictive conditions as q(x. n

Integrating (15) by parts we obtain

TK -B{j~ {I +_~J th(O) sin u)KI + f' ih(t) sin WK(t -c) dr.']} -
AK wKL .() _

(16)

The term in the square brackets remains finite for any finite value of t. When B tends to

infinity this term vanishes and the product BTK entering the formula for the bending
moment tends to the value q1(/A~, and therefore at B = cx) the bending moment will be
given by the formula (14).

Neglecting the elastic deformation we shall admit that the beam remains rigid at
t < " , being determined from the equation:

~T (·/,v1.-- M<)"I. . --.: dt = '0.
.0 1\1,

07}

where M, is the static yield moment. Strictly speaking, formula (17) is correct only for an
ideal double T beam. but we shall use it for any cross-section as an approximation. At
I = , the bending moment suddenly drops to the value M .. , and is supposed to remain
constant; the strain hardening effects will not be taken into account.

Considering the rigid beam as an elastic beam with infinite rigidity, we can find the
yield delay time for any hyperstatic structure using the above stated theorem and equa
tion (17). At first we have to solve the usual static problem of equilibrium under the given
load, and find the moment distribution and the cross-section A I where the condition (17)
is fulfilled first at the moment t = 'I' At t > 'I the bending moment in the cross-section
A j equals to M .. , if the system remains still hyperstatic, we find the new distribution of
bending moments and the cross-section A2 where the second plastic hinge appears at the
moment t = '2, and continue this procedure until the relative rotation of the rigid parts
becomes possible.

4.2 Dynamic rigid-plastic analysis ora beam

In traditional dynamic rigid-plastic analysis of beams the location of the plastic hinge
is determined by the condition that the moment in the hinge is the maximum bending
moment in the next stage of motion. That means that the shearing force Q in the hinge
remains zero. In a rigid plastic beam with delayed yielding the situation is different. The
first plastic hinge will appear in the cross-section A 1 where the bending moment in rigid
motion of the beam reaches its maximum value. This moment suddenly drops to the
value M" the parts of the beam become free to rotate around the point AI' the bending
moments distribution wiJI be changed, but the moment M.. in the point AI, will not be
the maximum bending moment and the next hinge will appear in some other cross-section
A z . This situation is typical in the rigid~plastic analysis with delayed yielding.
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(18)

(19)

To illustrate the idea we shall give here the complete analysis of a particular problem.
The beam having the length 21 with free ends is loaded by a force P in the middle section.

The conventional rigid plastic solution of this problem is given in [16]. Putting
PI/M s = Jl one obtains the following results:

If 4 ~ Jl ~ 22·88, only one plastic hinge in the middle section is formed.
If Jl > 22·88, there are three plastic hinges, at ~ = 0, ~ = ± ~o (~ = x/I, the origin

being placed in the middle section). When P = const. the hinges are stationary.
Now we consider the same problem under the assumption ofdelayed yielding, supposing

the force P to be constant [17]. On the first stage of motion the beam remains rigid, and
the bending moment distribution is:

M 1 = ~ (¢ _1)2.
Ms 4

Using equation (17) we find the time t 1 when the first plastic hinge at ~ = 0 is formed.
On the second stage of motion the value of the bending moment for ~ > 0 will be given
by the expression

M 2 = -[(Jl-3)e-~(Jl-4)-~~+IJ.
Ms 2 2

Because M 2 is positive while M 1 was negative, the location of the second plastic hinge
will be at the point where the moment M 2 reaches its maximum value ~2 = Jl/[3(Jl-4)].
To find the duration of the second stage of the motion we must take in (17) the beginning
of this stage as zero time.

On the third stage of motion the bending moment reaches its maximum value in the
interval 0 < ~ < ~2. For these values of ~:

(20)

Because M 3 is positive like M 2 we find the position of the third plastic hinge using equa
tion (17) and putting there M = M 2 for t 1 ~ t ~ t2 , and M = M 3 for t2 < t. The delay
time t will be expressed as a function of ~, its minimum value equals t3 , the time of the
formation of the third hinge at the point ~3'

Now we must consider the possibility of the formation of a moving hinge. Supposing
the differences ~3 - ~2 = Ll~ and t 3 - t2 = Llt to be infinitely small and their ratio finite,
we obtain the velocity of the moving hinge as Ll~/Llt. Let us write down the condition (17)
for the point ~2 + Ll~ and expand the values of integrals. We obtain:

Ll~ '" Llj:n-1
Llt .. .

If n > 2, A~/Llt tends to zero with Ll~, and the hinge therefore remains stationary. At
n ::; 2 motion of the hinge is possible, the analysis of this case is rather complicated and
depends on the solution of a certain non-linear integral equation. Nevertheless it can be
shown that if the hinge really moves, it will stop at the point ~ = ~o. We shall restrict



156 YU. N. RABOTNOV and J. V. SUVOROVA

ourselves with the case n > 2, and consider only separate hinges. On each stage of motion
the equations of motion can be integrated to find the angles of rotation of the parts of the
beam between the hinges. These angles had been supposed to be small enough and at a
certain moment the analysis based on this assumption becomes incorrect. As will be shown.
the time of formation of the fourth hinge is too great to have any real meaning. On the
other hand we must control the sense of the relative rotation of the segments separated by
plastic hinges. When the relative angular velocity on any stage of motion has the same
sign as on the previous stage, the hinge remains active. Ifon the contrary, the hinge vanishes
the kinematics of further motion will be changed. It can be shown that after the formation
of the fourth plastic hinge the second one vanishes.

Some numerical results for the case i1 = 50. are given in the following table:

TABI E ;

Stage of
motion 'i '0

~·x 10 n
I·RO 10 1J..\6

~ J·55 10' O·ll
4 j·85 10' 026

It can be seen that ~i tends to ~o = 0·24 and the duration of each stage become greater.
A similar method of analysis can be applied to the case when at a certain moment

at any stage of the motion the load will be removed.

4.3 Dynamic analysis ofa simply supported uniformly loaded circular plate

The solution of this problem using the Tresca yield condition and the usual assumption
on the rigid-plastic behaviour has been given in [18]. When the load per unit area p > 2po,
Po being the ultimate value of p for a statically loaded plate, a central circular region is
formed where M r = M<p = Ms (point A in Fig. 9). This central part will move as a rigid

;..B=--__---.A

o E

FIG. 9. Tresca yield condition for a circular plate.



Dynamic problems for elastic-plastic solids with delayed yielding 157

body with constant velocity. The other part of the plate is in the plastic state AB, that is
Mcp = M. and assumes the shape of a truncated cone. After removing the load the circular
boundary between two parts of the plate moves inwards. Now we shall consider the same
problem taking into account the yield delay. We assume that the beginning of yielding
is determined by the stress history in the elastic range and is governed by the Tresca yield
condition. That means that we substitute into equation (17) the value of the equivalent
bending moment. The plate in the elastic range is statically indeterminate and therefore
we shall consider the rigid regions as the elastic ones with infinite modulus of elasticity,
and use the theorem given in the Section 4.1.

On the first stage the plate remains rigid and the moment distribution is given by the
well known elastic solution. We shall denote the circumferential bending moment of
this stage Mq> = MI(r), re(O, 1) being the non-dimensional radius. At the moment t = t l

the plate yields at r = 0, in this point always M, = Mcp (point A in Fig. 9). In the second
stage the plastic region corresponding to the segment AB of the Tresca hexagone spreads
outwards, its radius being p(t), but the deflections and consequently the accelerations
vanish. At r > p the stress distribution remains elastic, the value of Mcp = M 2(r, p) is
easily calculated by the aid of elastic formulae, using the conditions of the continuity of
the radial moment and the shearing force at r = p. When Preaches the value PI = ~(Po)j(p)

the radial moment at r = P becomes zero, and the third stage of motion begins. On this
stage the central part of the plate °< r < Po is in the plastic stage A and moves with
constant acceleration, the deflection is given by the formula:

(21)

(22)

Here m is the mass per unit area of the plate, t(r)-time when the radius Po reaches the
value Po r. At r = p the moment M, remains equal to zero and the binding moment in
the outer part of the plate Mcp = M3(r, p). The values of p and Po satisfy the following
equation:

Pop-p3+3p~p-2p~ = 0.
p

The yield delay condition leads to an integral equation defining p(t) or the reciprocal func
tion t(p):

(23)

M = M 2 at °< p < Pl and M = M 3 at PI < P < 1.
When the plastic zone reaches the edge of the plate, p = 1and Po will be found from (22).

The central part °< r < Po moves with constant velocity and the outer part Po < r < 1
assumes the form of a truncated cone. The solution is quite similar to this with no yield
delay, the only difference is that now the central part of the plate is not flat, its shape being
determined by (21).

If the load is removed at a certain moment t > t 3 further movement can be determined
as in [18]. Some numerical results have been obtained for the case p!Po 4. The curve
shown in Fig. 10 is a result of an approximate solution of equation (23). It can be seen
that the time of propagation of the plastic zone is rather small, t2 = 1·065t1, t

3
= 1·28t I'
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FIG. 10. Dependence of radius of plastic zone p upon time t for a circular plate.

The deflection curve at t = t3 is shown in Fig. 11. In Fig. 12 the residual deflection curve
after the removal of load at t = 20t! and the same curve calculated for the material with
no yield delay are plotted. Here Wo is the value of the residual deflection at the point r = 0
in the case of no yield delay. It is to be noticed that the influence of the yield delay on the
shape of the deflection curve is very small, the plastic deflection shown in Fig. 11 being
formed during a short time t 3 -tZ , that is O·21St! in the given example. The difference in
residual deflections depends mainly on the reduction of time of the plastic movement.
Therefore a realistic approach to the problems of this kind will be to use the traditional
rigid plastic analysis, taking into account the delay time as the period of time when the
plate remains rigid.

Wm

pt~

0'0~VO'5i
0·02

0·03

FIG. 11. Deflection curve of a circular plate at t = t3'

1·0

o 0-5 1·0

wjwo

FIG. 12. Residual deflection curve (solid line) as compared with the same curve for the non-delayed yield
ing (dotted line).
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A6cTpaKT--06cYlKAaeTCll ynp0Il.\CHHali MOACJIh ynpyro-nJIaCTH'IccKoro TCJIa C 3ana3AhlBaHHcM TCKy'lCCTH.
DpeAnonaraCTClI, 'ITO B nnaCTH'feCKOH 06JIaCTH AHarpaMMa G ~ E He 3aBWCHT OT C/WPOCTH Ae<jJopMaU:HH.

npeAJIOlKeHHali MOACJIh HCnOJIh3yeTcli lIpH pcrnCHHH 3aAa'f 0 pacnpOCTpaHCHWH ynpyro-nJIaCTH'feCKHX
BOJIH B CTCplKllliX H B lKeCTKO-nJIaCTH'IeCKOM allaJIH3C 6aJIOK WnJIaCTHH.

EcnH K KOHUY cTeplKHlI npHKJIaAhIBaCTcli HanplilKeHHc, npeBblIIIafOU.\cc CTaTH'IeCKHH npCACJT TeKy'lccTH.
B03HHKaCT ynpyrall BOJIHa ncpeHanplllKcHHlI, oTpalKcHHc -nOH BOJIHhl MCllliCT KapTHHy pacnpencnHHlI
lInaCTH'lCCKHX 06JTaCTeH no cpaBHcHHfO C 06hl'lIlOH.

B lKCCTKO-lIJIaCTH'fCCKOM aHaJIH3C lKCCTKHC 'faCTH TeJIa paccMaTpHBafOTClI. KaK ynpyrHc C 6ecKOHC'fHO
60JThIIIHM MOAyJICM yrrpyrocTH. PaccMaTpHBacTcli nOCJICAOBaTCJThHOC o6pa30Balllfe nrraCTH'ICCKHX
IIIapHHpoB B cBo6oAHOH 6aJIKe. K KOTOpOH MrHOBCHHO npMKJTaAhIBaCTcli cocpeAOTO'fCHHali HarpY3Ka, a
TaKlKC ne<jJopMal.\HlI cBo6oAHO oncpToH KpyrJIOH nnaCTHHKH lIOA AeHCTBHeM paBHoMepHo paCnpeAeJIeHHOH
Harpy3KH. PacnpoCTpaHeHHc nrraCTH'feCKOH 30llbl B lInacnlHKe 3aBHCHT OT paClIpCACJICIlHlI HanplilKeHHH
B lKecTKoH '1aCTH, B HCKOTOphIH MOMCHT BpeMeHH cnoco6HoCTh K 3ana3ilhIBaHHIO TeKy'lccTH OKa3hIBaCTCJI
HC'lepnaHHoH, ,L\aJThHeHIIIHH aHaJIH3 nO'ITH HC OTJTH'faCTClI. OT 06h1'1HOro.


